Abstract We study Einstein's equation in (m + n)D and (1 + n)D warped spaces (M ,ḡ) and classify all such spaces satisfying Einstein equationsḠ = −Λḡ. We show that the warping function not only can determine the cosmological constantΛ but also it can determine the cosmological constant Λ appearing in the induced Einstein equations G = −Λh on (M 2 , h). Moreover, we discuss on the origin of the 4D cosmological constant as an emergent effect of higher dimensional warped spaces.
Many basic solutions of the Einstein field equations are warped products. For instance, both Schwarzschild and Robertson-Walker models in general relativity are warped products. Schwarzschild spacetime is the best relativistic model which describes the outer spacetime around a massive star or a black hole and the Robertson-Walker model describes a simply connected homogeneous isotropic expanding or contracting universe.
In Lorentzian geometry, it was first noticed that some well known solutions to Einstein's field equations can be expressed in terms of warped products [1] and afterwards Lorentzian warped products have been used to obtain more solutions to Einstein's field equations. On the other hand, first attempts for finding a static solution of the field equations of general relativity, applied for the cosmology, was done by Einstein who introduced the cosmological constant [8] . Since then the cosmological constant has played a very important role in the context of cosmology. However, the problem of origin and the large disagreement between the theoretical prediction, based on the quantum field theory calculations, and the observational bound on the value of this cosmological term has remained as the well known "cosmological constant problem" [7, 12] . Here, we do not propose a solution for this problem, but we aim to present a new origin for the cosmological constant, based on the warped product of two pseudo-Riemannian manifolds. In this work, we study the generalized Robertson-Walker warped spacetimes with a cosmological constant.
Generalized Robertson-Walker spacetime models and standard static spacetime models are two well known solutions to Einstein's field equations which can be expressed as Lorentzian warped products. Bejancu et al in Ref. [3] , by using the extrinsic curvature of the horizontal distribution, obtained the classification of all spaces (M ,ḡ) satisfying Einstein equationsḠ = −Λḡ, where (M ,ḡ) is a 5D warped space defined by 4D spacetime (M, g) and the warped function. They described all the exact solutions for the warped metric by means of 4D exact solutions. We generalize the formalism of Bejancu et al in 5D warped space to (m + n)D and (1 + n)D warped spaces. The main motivation of this work is to describe the cosmological constant in Einstein's equation as a resultant of the geometry of warped spaces.
In section 2, we recall some necessary details on warped product of pseudoRiemannian manifolds, Ricci tensor, scalar curvature and Einstein gravitational equation on warped space. In section 3, we find necessary and sufficient conditions for the validity of Einstein equations on warped product space. Finally, in section 4, we construct five classes of exact solutions of Einstein equation for generalized Robertson-Walker spacetime.
Preliminaries
Let ψ be a smooth function on a pseudo-Riemannian n-manifold (M, g). Then the Hessian tensor field of ψ is given by H ψ (X, Y ) = XY ψ −(∇ X Y )ψ, and the Laplacian of ψ is given by ∆ψ = trace (H ψ ), or equivalently, ∆ = div(grad), where ∇, div and grad are Levi-Civita connection of M , the divergence and the gradient operators, respectively. (see p. 85 of [9] ). Furthermore, we will frequently use the notation grad f 2 = g(grad f, grad f ). In terms of a coordinate system (x 1 , . . . , x n ), we have Lemma 1 (Ref. [5] ) Every harmonic function on a compact Riemannian manifold is constant.
Lemma 2 (Hopf 's lemma. in Ref. [5] ) Let M be a compact Riemannian manifold. If ψ is a differentiable function on M such that ∆ψ ≥ 0 everywhere on M (or ∆ψ ≤ 0 everywhere on M ), then ψ is a constant function.
Let (M 1 , g) and (M 2 , h) are two pseudo-Riemannian manifolds and f be a positive smooth function on M 1 . Then the warped productM = M 1 × f M 2 is the product manifold M 1 × M 2 endowed with the pseudo-Riemannian metric
, where π and σ are the projections of M 1 × M 2 onto M 1 and M 2 respectively. The function f is called a warping function and also (M 1 , g) and (M 2 , h) is called a base manifold and a fiber manifold, respectively [9] .
The warped product (M ,ḡ) is a Lorentzian warped product if (M 2 , h) are Riemannian and either (M 1 , g) is Lorentzian or else (M 1 , g) is a onedimensional manifold with a negative definite metric −dt 2 , Ref. [2] . We recall the de sitter space with cosmological constant Λ > 0, and
where (r, θ, φ) are spherical coordinates [?] . The de sitter space is an example of the Lorentzian warped product. One of the main properties ofM is that the two factors (M 1 , g) and (M 2 , h) are orthogonal with respect toḡ. For a vector field X on M 1 , the lift of X to M 1 × f M 2 is the vector fieldX whose value at each (p, q) is the lift X p to (p, q). Thus the lift of X is the unique vector field on M 1 × f M 2 that is π 1 -related to X and π 2 -related to the zero vector field on M 2 . For a warped product M 1 × f M 2 , let D i denotes the distribution obtained from the vectors tangent to the horizontal lifts of
where∇, ∇ 1 and ∇ 2 are the Levi-Civita connection of metricsḡ, g and h, respectively.
whereR, R 1 and R 2 are the curvature tensor of metricsḡ, g and h, respectively.
Ric(X, V ) = 0.
where Ric, Ric M1 and Ric M2 are the Ricci tensor of metricsḡ, g and h, respectively.
where S M1 is scalar curvature of (M 1 , g) and S M2 is scalar curvature of (M 2 , h) [9] .
We use the Einstein convention, that is, repeated indices with one upper index and one lower index denote summation over their range. If not stated otherwise, throughout the paper we use the following ranges for indices: i, j, k, ... ∈ {1, ..., m}; α, β, ... ∈ {m + 1, ..., m + n}; a, b, c, ... ∈ {1, ..., n + m}. In what follows we take (x i , x α ) as a coordinate system on M 1 × M 2 , where (x i ) and (x α ) are the local coordinates on M 1 and M 2 , respectively. Suppose thatḡ is a pseudo-Riemannian metric onM defined byḡ = g × f h given by its local components:
where g ij (x k ) are the local components of g and h αβ (x µ ) are the local components of h. LetM = M 1 × f M 2 be a warped product manifold. Then
where R ij =
M1
Ric(∂ i , ∂ j ) are the local components of Ricci tensor of (M 1 , g) and R αβ =
M2
Ric(∂ α , ∂ β ) are the local components of Ricci tensor of (M 2 , h). We denote byḠ the Einstein gravitational tensor field of (M ,ḡ), that is, we have,
whereRic andS are Ricci tensor and scaler curvature ofM , respectively.
Proposition 1 LetḠ be the Einstein gravitational tensor field of (M ,ḡ), then we have following equations:
where G ij and G αβ are the local components of the Einstein gravitational tensor field of (M 1 , g) and (M 2 , h), respectively.
Proof By using (21), (18), (17) and (14), we obtain(22), (23) and (24).
Einstein field equations with cosmological constant
Let (M ,ḡ) be the warped space and f be the warped function. Suppose that the Einstein gravitational tensor fieldḠ of (M ,ḡ) satisfies the Einstein equations with cosmological constantΛ as
First, we prove the following theorem.
Theorem 1 The Einstein equations on (M ,ḡ) with cosmological constantΛ are equivalent with the following equations
Moreover, we have
Proof Using (22) and Einstein equationḠ = −Λḡ, we have
Contracting (29) with g ij , and consider
Then using (23), we obtain
By puttingΛ from (30) in (31), we have
Now, contracting (32) with h αβ we obtain
By using (30) and (33), we obtain
We now use (33) in (32) and obtain
Now, from the above and by using (33) and (21), we obtained (28).
Proposition 2 The Einstein equationsḠ = −Λḡ on (M ,ḡ) with cosmological constantΛ induces the Einstein equations G αβ = −Λh αβ on (M 2 , h αβ ), where the cosmological constant Λ is given by
Proof By using (27) and Einstein equations G αβ = −Λh αβ , we can obtain (36). Also, by using (28) and Theorem 3.3 of [13, page 38],
must be a constant, and therefore (M 2 , h) is an Einstein manifold. Now using (26) and Lemma 1 and 2, we deduce the following corollaries. 
where π and σ denote the projections onto I and M , respectively, and f is a positive smooth function on I. In a classical Robertson-Walker (RW) spacetime, the fiber is three dimensional and of constant sectional curvature, and the warping function f is arbitrary [6] . Such spaces include the Einstein-de Sitter space, the Friedman cosmological models, and the de Sitter space.
The following formula can be directly obtained from the previous result and noting that on a generalized Robertson-Walker spacetime grad
We denote the usual derivative on the real interval I by the prime notation (i.e., ′ ) from now on. Putting m = 1 in Theorem 1 and by using (26) and (27), we havē
where
Moreover, Einstein Equation (40) on (M ,ḡ) with cosmological constantΛ induce the Einstein Equation G = −Λg on (M, g) where the cosmological constant Λ is given by
and is constant. Next, we assume thatΛ given by (39) is a constant. Thus, we must solve the differential equation
where k is a constant. We can state the following classification theorem.
Theorem 2 Let (M ,ḡ) be an (n+1)-dimensional generalized Robertson-Walker (GRW) spacetime with n > 1. We have 1. The cosmological constant of (M ,ḡ) is given bȳ
andḡ is given by one of the expressions
where k > 0, and b ∈ R. Moreover, the spacetime (M, g) must be Ricci flat in case of the metric (43), and an Einstein space in cases of both metrics (44) and (45), with cosmological constants
and
respectively. 2. The cosmological constant of (M ,ḡ) andḡ are given bȳ
where k > 0, and b ∈ R. In this case, (M, g) is an Einstein space with cosmological constant
3. The cosmological constant of (M ,ḡ) isΛ = 0, that is, (M ,ḡ) is Ricci flat, andḡ is given by
where L = 0, and b ∈ R. Moreover, (M, g) must be an Einstein space with cosmological constant
Putting n = 4, indicating the five dimensional spacetime, we obtain
This is in agreement with the current observed value of 4D cosmological constant provided that L be the current size of the universe, namely 10 28 meters. Such a good agreement between the theoretical value of cosmological constant obtained in this higher dimensional model of warped spaces and the experimental value of cosmological constant may account for the possible higher dimensional origin of the cosmological constant.
Conclusion
In this article, using the formalism of Bejancu et al, we have studied Einstein's equation in (m+n)D and (1+n)D warped spaces (M ,ḡ) whereM = M 1 × f M 2 is the product manifold M 1 ×M 2 endowed with the pseudo-Riemannian metric g = π * g + (f • π) 2 σ * h. We have classified all such spaces satisfying Einstein equationsḠ = −Λḡ. We have shown that the warping function f can determine both the cosmological constantsΛ, and Λ appearing in the induced Einstein equations G = −Λh on (M 2 , h). Moreover, we have discussed on the origin of the 4D cosmological constant as an emergent effect of higher dimensional warped spaces and confronted its numerical value with its observed value.
